
Ñèìâîëàìè t, θ îáîçíà÷àþòñÿ íåçàâèñèìûå ïåðåìåííûå (ïî óìîë÷àíèþ � ñêàëÿðíûå), ñèìâîëàìè x, y, z � âåêòîðû ñîñòî-
ÿíèÿ (âîîáùå, ðàçíûõ ðàçìåðíîñòåé), à ñèìâîëàìè u, v, w � âåêòîðû óïðàâëåíèÿ (òîæå, âîçìîæíî, ðàçíûõ ðàçìåðíîñòåé).
Çàïèñü T = �x îçíà÷àåò, ÷òî ìîìåíò âðåìåíè T çàäàí, çàïèñü T 6= �x � ÷òî îí íå çàäàí, à ïîäëåæèò îïðåäåëåíèþ èç óñëîâèÿ
îïòèìóìà. Ïðè ðåøåíèè îïèñàííûõ íèæå çàäà÷ äîëæíû áûòü ñäåëàíû íåîáõîäèìûå (ò.å. íóæíûå äëÿ ïðèìåíåíèÿ òåîðåìû
î íåîáõîäèìûõ óñëîâèÿõ îïòèìàëüíîñòè) ïðåäïîëîæåíèÿ î ñâîéñòâàõ ôóíêöèé, âõîäÿùèõ â çàäà÷ó. Òàêèì îáðàçîì, ñâîéñòâà
ýòèõ ôóíêöèé � ñîñòàâíàÿ ÷àñòü îòâåòà.

1

ẋ(t) = f(t, x(t), u(t)), u(t) ∈ Ω ⊂ Rm (0 ≤ t ≤ T ), T = �x,

Jq+1 ≤ 0, . . . , Jq+s ≤ 0, Jq+s+1 = . . . = Jq+s+k = 0, max
1≤i≤q

Ji → min

ãäå Ji = Pi

(
x(0), x(T ),

∫ T

0

ϕi[t, x(t), u(t)] dt

)
.

2

ẋ(t) = f(t, x(t), u(t)), u(t) ∈ Ω ⊂ Rm (0 ≤ t ≤ T ), T 6= �x,

J1 ≤ 0, . . . , Js ≤ 0, Js+1 = . . . = Js+k = 0, J0 → min

Ji := Pi

(
T, x(0), x(ti), x(T ),

∫ T

ti

ϕi[t, x(t), u(t)] dt

)
,

0 ≤ t0 < t1 < . . . < ts+k ≤ T, ti = �x.

3

ẋ(t) = f(t, x(t), y(t), u(t)), ẏ(t) ∈ Ωy ⊂ Rl, u(t) ∈ Ωu ⊂ Rm (0 ≤ t ≤ T ), T 6= �x

J1 ≤ 0, . . . , Js ≤ 0, Js+1 = . . . = Js+k = 0, J0 → min

Ji := γi

[
T, x(0), x(T ),

∫ T

0

ϕi[t, x(t), y(t), ẏ(t), u(t)] dt

]
.

4

ẋ(t) = f1(t, x(t), y(t), u(t)), ẏ(t)− f2(t, y(t), u(t)) ∈ Ωy ⊂ Rl, u(t) ∈ Ωu ⊂ Rm (0 ≤ t ≤ T ), T 6= �x,

Jq+1 ≤ 0, . . . , Jq+s ≤ 0, Jq+s+1 = . . . = Jq+s+k = 0, max
1≤i≤q

Ji → min

Ji :=

∫ T

0

ϕi[T, t, x(t), y(t), u(t)] dt + γi[T, x(0), x(T ), y(0), y(T )].



5

ẋ(t) = f(t, x(t), u(t)), u(t) ∈ Ω ⊂ Rm (0 ≤ t ≤ T ), T = �x,

J1 ≤ 0, . . . , Js ≤ 0, Js+1 = . . . = Js+k = 0, J0 → min

ãäå Ji = Pi

(
x(t1), . . . , x(tN),

∫ T

0

φi(t, x(t), u(t) dt

)
,

0 < t1 < . . . < tN < T, ti 6= �x,N=�x.

6

ẋ(t) = f(t, x(t), u(t)), u(t) ∈ Ω ⊂ Rm (0 ≤ t ≤ T ), T 6= �x,

J1 ≤ 0, . . . , Js ≤ 0, Js+1 = . . . = Js+k = 0, J0 → min

ãäå Ji = γi(T, x(0), x(T )) +

∫ T

0

φi

(
t, x(t), u(t),

∫ T

T−t

ξi(τ, x(τ), u(τ))dτ

)
dt

7

ẋ(t) = f(t, x(t), u(t), v(t))

u(t) ∈ Ω ⊂ Rm, v(t) ∈ Ω′ ⊂ Rm′
, v(t + h) = v(t), (0 ≤ t ≤ T ), T = �x,

J1 ≤ 0, . . . , Js ≤ 0, Js+1 = . . . = Js+k = 0, J0 → min

ãäå Ji = γi(x(0), x(T )) +

∫ T

0

φi(t, x(t), u(t), v(t)) dt

(óïðàâëåíèå v(t) ÿâëÿåòñÿ ïåðèîäè÷åñêîé ôóíêöèåé çàäàííîãî ïåðèîäà h).

8

ẋ(t) =

∫ t

0

f(t, θ, x(θ), u(θ)), u(t) ∈ Ω ⊂ Rm (0 ≤ t ≤ T ), T 6= �x,

Jq+1 ≤ 0, . . . , Jq+s ≤ 0, Jq+s+1 = . . . = Jq+s+k = 0, max
1≤i≤q

Ji → min

ãäå Ji = γi(T, x(0), x(T )) +

∫ T

0

ϕi[T, t, x(t), x(T − t), u(t)] dt.

9

ẋ(t) =

∫ t

0

f(t, θ, x(θ), u(θ)), u(t) ∈ Ω ⊂ Rm (0 ≤ t ≤ T ), T = �x,

J1 ≤ 0, . . . , Js ≤ 0, Js+1 = . . . = Js+k = 0, J0 → min

ãäå Ji = γi

(
x(0), x(T ),

∫ T

0

ϕi

[
t, x(t), u(t),

∫ T

t

ξi(s, x(s), u(s)) ds

]
dt

)
.

10

ẋ(t) =

∫ t

0

f(t, θ, x(θ), u(θ)), u(t) ∈ Ω ⊂ Rm (0 ≤ t ≤ T ), T = �x,

J1 ≤ 0, . . . , Js ≤ 0, Js+1 = . . . = Js+k = 0, J0 → min

ãäå Ji = Pi

(
x(0), x(T ),

∫ T

0

ϕi [t, x(t), u(t)] dt

)
,

ïðè÷åì óïðàâëåíèå u(t) ÿâëÿåòñÿ ïåðèîäè÷åñêîé ôóíêöèåé ïåðèîäà h > 0, ò.å. u(t + h) = u(t).
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ẋ(t) = f1[t, x(t), u(t), x(0), x(T )] +

∫ t

0

f [t, θ, x(θ), u(θ)] dθ, 0 ≤ t ≤ T.

u(t) ∈ Ω ⊂ Rm (0 ≤ t ≤ T ), T 6= �x,

J1 ≤ 0, . . . , Js ≤ 0, Js+1 = . . . = Js+k = 0, J0 → min

Ji := γi

(∫ T

0

ϕi[t, x(t), u(t)] dt, x(0), x(T ), T

)
.

12

ẋ(t) = f1[t, x(t), y(t), u(t)] +

∫ t

0

f [t, θ, x(θ), y(θ), u(θ)] dθ,

u(t) ∈ Ωu ⊂ Rm, ẏ(t)− f2(t, x(t), u(t)) ∈ Ωy ⊂ Rl, 0 ≤ t ≤ T, T 6= �x,

J1 ≤ 0, . . . , Js ≤ 0, Js+1 = . . . = Js+k = 0, J0 → min

Ji := γi

(∫ T

0

ϕi[t, x(t), y(t), u(t)] dt, y(0), y(T ), x(0), x(T ), T

)
.

13

ẋ(t) =

∫ t

0

f [t, θ, x(θ), x(t− θ), u(θ)] dθ, 0 ≤ t ≤ T.

u(t) ∈ Ω ⊂ Rm (0 ≤ t ≤ T ), T 6= �x,

J1 ≤ 0, . . . , Js ≤ 0, Js+1 = . . . = Js+k = 0, J0 → min

Ji := Pi

(∫ T

0

ϕi[t, x(t), u(t)] dt, x(0), x(T ), T

)
.

14

ẋ(t) =

∫ t

0

f [t, θ, x(θ), x(t− θ), u(θ)] dθ, 0 ≤ t ≤ T.

u(t) ∈ Ω ⊂ Rm (0 ≤ t ≤ T ), T = �x,

Jq+1 ≤ 0, . . . , Jq+s ≤ 0, Jq+s+1 = . . . = Jq+s+k = 0, max
1≤i≤q

Ji → min

Ji :=

∫ T

0

ϕi

[
t, x(t), x(T − t), u(t),

∫ T

t

ξi(τ, x(τ), u(τ))dτ

]
dt + γi[x(0), x(T )].

15

ẋ(t) =

∫ t

0

f1[t, θ, x(θ), y(θ), x(t− θ), u(θ)] dθ, 0 ≤ t ≤ T.

u(t) ∈ Ωu ⊂ Rm, ẏ(t)− f2(t, y(t), u(t)) ∈ Ωy ⊂ Rl, 0 ≤ t ≤ T, T 6= �x,

J1 ≤ 0, . . . , Js ≤ 0, Js+1 = . . . = Js+k = 0, J0 → min

Ji := Pi

(∫ T

0

ϕi[t, x(t), y(t), u(t)] dt, x(0), x(T ), y(0), y(T ), T

)
.
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ẋ(t) = F (t, x(t), u(t)) +

t∫
ν(t)

f [t, θ, x(θ), u(θ)] dθ, 0 ≤ t ≤ T,

u(t) ∈ Ω ⊂ Rm (0 ≤ t ≤ T ), T 6= �x,

J1 ≤ 0, . . . , Js ≤ 0, Js+1 = . . . = Js+k = 0, J0 → min

Ji := γi

[∫ T

0

ϕi[t, x(t), u(t)] dt, T, x(0), x(T )

]
.

ãäå ν(·) � çàäàííàÿ ôóíêöèÿ è 0 ≤ ν(t) ≤ t.

17

ẋ(t) = F

(
t, x(t), u(t),

∫ t

0

∫ τ

ν(τ)

f [τ, θ, x(θ), u(θ)] dθ dτ

)
, 0 ≤ t ≤ T,

u(t) ∈ Ω ⊂ Rm (0 ≤ t ≤ T ), T = �x,

J1 ≤ 0, . . . , Js ≤ 0, Js+1 = . . . = Js+k = 0, J0 → min

Ji :=

∫ T

0

ϕi[t, x(t), u(t)] dt + γi (x(0), x(T )) .

ãäå ν(·) � çàäàííàÿ ôóíêöèÿ è 0 ≤ ν(t) ≤ t.

18

ẋ(t) =

ν2(t)∫
ν1(t)

f [t, θ, x(θ), x(t− θ), u(θ)] dθ, 0 ≤ t ≤ T,

u(t) ∈ Ω ⊂ Rm (0 ≤ t ≤ T ), T 6= �x,

Jq+1 ≤ 0, . . . , Jq+s ≤ 0, Jq+s+1 = . . . = Jq+s+k = 0, max
1≤i≤q

Ji → min

Ji :=

∫ T

0

ϕi[t, x(t), u(t)] dt + γi (x(0), x(T )) .

ãäå ν1(·), ν2(·) � çàäàííûå ôóíêöèè è 0 ≤ ν1(t) ≤ ν2(t) ≤ t.

19

ẋ(t) =

ν1(t)∫
0

f1[t, θ, x(θ), u(θ)] dθ +

t∫
ν2(t)

f2[t, θ, x(θ), u(θ)] dθ, 0 ≤ t ≤ T,

u(t) ∈ Ω ⊂ Rm (0 ≤ t ≤ T ), T = �x,

J1 ≤ 0, . . . , Js ≤ 0, Js+1 = . . . = Js+k = 0, J0 → min

Ji :=

∫ T

0

ϕi[t, x(t), u(t)] dt + γi (x(0), x(T )) .

ãäå ν1(·), ν2(·) � óïðàâëåíèÿ, êîòîðûå äîëæíû óäîâëåòâîðÿòü óñëîâèþ. τ1(t) ≤ ν1(t) ≤ τ2(t), τ1(t) ≤
ν2(t) ≤ τ2(t), ïðè ýòîì τ1(·), τ2(·) � çàäàííûå ôóíêöèè è 0 ≤ τ1(t) ≤ τ2(t) ≤ t.
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ẋ(t) =

tν2(t)∫
tν1(t)

f [t, θ, x(θ), u(θ)] dθ, 0 ≤ t ≤ T,

u(t) ∈ Ω ⊂ Rm (0 ≤ t ≤ T ), T = �x,

Jq+1 ≤ 0, . . . , Jq+s ≤ 0, Jq+s+1 = . . . = Jq+s+k = 0, max
1≤i≤q

Ji → min

Ji :=

∫ T

0

ϕi[t, x(t), u(t)] dt + γi (x(0), x(T )) .

ãäå ν1(·), ν2(·) � óïðàâëåíèÿ, êîòîðûå äîëæíû óäîâëåòâîðÿòü óñëîâèþ τ1 ≤ ν1(t) ≤ ν2(t) ≤ τ2, ãäå
τ,τ2 ∈ [0; 1] � çàäàííûå ÷èñëà.

21

ẋ(t) =

∫ τ(t)

0

f1[t, θ, x(θ)] dθ +

∫ t

t−τ(t)

f2[t, θ, x(θ)] dθ, 0 ≤ t ≤ T,

u(t) ∈ Ω ⊂ Rm, 0 ≤ t ≤ T, T 6= �x,

J1 ≤ 0, . . . , Js ≤ 0, Js+1 = . . . = Js+k = 0, J0 → min

Ji := Pi

(∫ T

0

ϕi[t, x(t), u(t)] dt, T, x(0), x(T )

)
.

ãäå ôóíêöèÿ τ(t) óäîâëåòâîðÿåò óðàâíåíèþ

τ(t) =

∫ t

0

r(t, θ, x(θ), u(θ)) dθ, 0 ≤ r(t, θ, x, u) < 1, 0 ≤ t ≤ T

22

ẋ(t) =

∫ t

τ(t)

f1[t, θ, x(θ)] dθ + f2(t, x(t), τ(t), u(t)), 0 ≤ t ≤ T,

u(t) ∈ Ω ⊂ Rm (0 ≤ t ≤ T ), T�x,

Jq+1 ≤ 0, . . . , Jq+s ≤ 0, Jq+s+1 = . . . = Jq+s+k = 0, max
1≤i≤q

Ji → min

Ji :=

∫ T

0

ϕi[t, x(t), u(t)] dt + γi[x(0), x(T )].

ãäå τ(t) � ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ
τ̇(t) = r[t, τ(t), x(t), u(t)], 0 ≤ t ≤ T , τ(0) = 0 è 0 ≤ r(t, τ, x, u) < 1.

23

ẋ(t) = f1 (t, x(t), u(t)) +

∫ t

0

f2[t, θ, x(ϕ(t, θ)), u(θ)] dθ, 0 ≤ t ≤ T,

u(t) ∈ Ω ⊂ Rm (0 ≤ t ≤ T ), T 6= �x,

J1 ≤ 0, . . . , Js ≤ 0, J0 → min

Ji :=

∣∣∣∣∫ T

0

ϕi[t, x(t), u(t)] dt

∣∣∣∣ + γi[T, x(0), x(T )]

ãäå 0 ≤ ϕ(t, θ) ≤ t � çàäàííàÿ ôóíêöèÿ ïåðåìåííûõ 0 ≤ θ ≤ t, ôóíêöèè ϕi, γi ïðèíèìàþò ñêàëÿðíûå
çíà÷åíèÿ, | · | � àáñîëþòíàÿ âåëè÷èíà ÷èñëà.
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ẋ(t) =

∫ t

0

f1[t, θ, x(ϕ(t, θ)), y(ϕ(t, θ)), u(θ)] dθ,

u(t) ∈ Ω ⊂ Rm, ẏ(t)− f2(t, x(t), y(t), u(t)) ∈ Ω′ ⊂ Rl, 0 ≤ t ≤ T, T = �x,

J1 ≤ 0, . . . , Js ≤ 0, Js+1 = . . . = Js+k = 0, J0 → min

Ji := Pi

(
x(0), x(T ),

∫ T

0

ϕi[t, x(t), u(t)] dt

)
.

ãäå 0 ≤ ϕ(t, θ) ≤ t � çàäàííàÿ ôóíêöèÿ ïåðåìåííûõ 0 ≤ θ ≤ t.

25

ẋ(t) = a(t) +

t∫
0

f

t, θ, x(θ),

ϕ(t,θ)∫
0

α(s, x(s), u(s))ds

 dθ

u(t) ∈ Ω ⊂ Rm, 0 ≤ t ≤ T, T 6= �x,

J1 ≤ 0, . . . , Js ≤ 0, Js+1 = . . . = Js+k = 0, J0 → min

Ji := Pi

(
x(0), x(T ),

∫ T

0

ϕi[t, x(t), u(t)] dt

)
.

ãäå 0 ≤ ϕ(t, θ) ≤ t � çàäàííàÿ ôóíêöèÿ ïåðåìåííûõ 0 ≤ θ ≤ t.

26

ẋ(t) = g

(
t, x(0), x(T ),

∫ t

0

f [t, θ, x(t− θ), u(θ)] dθ

)
, 0 ≤ t ≤ T.

u(t) ∈ Ω ⊂ Rm (0 ≤ t ≤ T ), T = �x,

Jq+1 ≤ 0, . . . , Jq+s ≤ 0, Jq+s+1 = . . . = Jq+s+k = 0, max
1≤i≤q

Ji → min

Ji :=

∫ T

0

ϕi[t, x(t), u(t)] dt + γi[x(0), x(T )].

27

ẋ(t) = g

(
t,

∫ t

τ(t)

f [t, θ, x(θ), u(θ)] dθ

)
, 0 ≤ t ≤ T.

u(t) ∈ Ω ⊂ Rm (0 ≤ t ≤ T ), T 6= �x,

J1 ≤ 0, . . . , Js ≤ 0, Js+1 = . . . = Js+k = 0, J0 → min

Ji := γi

[∫ T

0

ϕi[t, x(t), u(t)] dt, x(0), x(T )

]
.

ôóíêöèÿ τ(t) çàäàíà, τ(t) ∈ [0; t].
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(ñèñòåìà ñ ðàçðûâíîé ïî óïðàâëåíèþ ïðàâîé ÷àñòüþ)

ẋ(t) = f [t, x(t), u(t)], 0 ≤ t ≤ T,

u(t) ∈ Ω ⊂ Rm (0 ≤ t ≤ T ), T = �x,

Jq+1 ≤ 0, . . . , Jq+s ≤ 0, Jq+s+1 = . . . = Jq+s+k = 0, max
1≤i≤q

Ji → min

Ji :=

∫ T

0

ϕi[t, x(t), u(t)] dt + γi[x(0), x(T )].

ãäå f(t, x, u) = f j(t, x, u), ϕi(t, x, u) = ϕj
i (t, x, u) ïðè u ∈ Ωj, Ω1 ∪ . . . ∪ΩN = Ω � ðàçáèåíèå ìíîæåñòâà

Ω = {u} íà íåïåðåñåêàþùèåñÿ ïîäìíîæåñòâà è f i(t, x, u), ϕj
i (t, x, u) � íåïðåðûâíûå ïî t, x, u ∈ Ω̄j

ôóíêöèè, ãëàäêèå ïî x.

29

(ñèñòåìà ñ ðàçðûâíîé ïî óïðàâëåíèþ ïðàâîé ÷àñòüþ)

ẋ(t) =

∫ t

0

f [t, τ, x(τ), u(τ)]dτ, 0 ≤ t ≤ T,

u(t) ∈ Ω ⊂ Rm (0 ≤ t ≤ T ), T 6= �x,

J1 ≤ 0, . . . , Js ≤ 0, Js+1 = . . . = Js+k = 0, J0 → min

Ji := γi

[∫ T

0

ϕi[t, x(t), u(t)] dt, x(0), x(T ), T

]
.

ãäå f(t, x, u) = f j(t, x, u) ïðè u ∈ Ωj, Ω1 ∪ . . . ∪ ΩN = Ω � ðàçáèåíèå ìíîæåñòâà Ω = {u} íà íåïåðåñå-
êàþùèåñÿ ïîäìíîæåñòâà è f j(t, x, u) � íåïðåðûâíà ïî t, x, u ∈ Ω̄j è ãëàäêàÿ ïî x.

30

u(t) ∈ Ω ⊂ Rm (0 ≤ t ≤ T ), T 6= �x,

J1 ≤ 0, . . . , Js ≤ 0, Js+1 = . . . = Js+k = 0, J0 → min

Ji := γi

[∫ T

0

ϕi[t, x(t), u(t)] dt, x(0), x(T )

]
.

x(t) = a(t) +

∫ t

0

f [t, θ, x(t− θ), u(θ)] dθ, 0 ≤ t ≤ T,

31

u(t) ∈ Ω ⊂ Rm (0 ≤ t ≤ T ), T = �x,

Jq+1 ≤ 0, . . . , Jq+s ≤ 0, Jq+s+1 = . . . = Jq+s+k = 0, max
1≤i≤q

Ji → min

Ji :=

∫ T

0

ϕi[t, x(t), u(t)] dt + γi [x(0), x(T )] .

x(t) = f1(t, x(0), x(T )) +

∫ T

T−t

f2[t, θ, x(θ), u(θ)] dθ, 0 ≤ t ≤ T,
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Óïðàâëåíèå ïó÷êîì ÷àñòèö. Ñîñòîÿíèå x ∈ Rn � ýòî íåïðåðûâíàÿ ôóíêöèÿ x = x(t, a) âðåìåíè t è
ïàðàìåòðà a ∈ Rn, "íóìåðóþùåãî"÷àñòèöû è ìåíÿþùåãîñÿ â ïðåäåëàõ îãðàíè÷åííîé îáëàñòè A ⊂ Rn

ñ ãëàäêîé ãðàíèöåé.
∂x(t, a)

∂t
= f [t, a, x(t, a), u(t)], 0 ≤ t ≤ T, a ∈ A,

x(0, a) = a (a ∈ A), u(t) ∈ Ω, 0 ≤ t ≤ T,

Jq+1 ≤ 0, . . . , Jq+s ≤ 0, Jq+s+1 = . . . = Jq+s+k = 0, max
1≤i≤q

Ji → min,

Ji :=

∫ T

0

∫
A

ϕi[t, a, x(t, a), u(t)] dt da, T = �x.
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Óïðàâëåíèå ïó÷êîì ÷àñòèö. Ñîñòîÿíèå x ∈ Rn � ýòî íåïðåðûâíàÿ ôóíêöèÿ x = x(t, a) âðåìåíè t è
ïàðàìåòðà a ∈ Rn, "íóìåðóþùåãî"÷àñòèöû è ìåíÿþùåãîñÿ â ïðåäåëàõ îãðàíè÷åííîé îáëàñòè A ⊂ Rn

ñ ãëàäêîé ãðàíèöåé.
∂x(t, a)

∂t
= f [t, a, x(t, a), u(t)], 0 ≤ t ≤ T, a ∈ A,

x(0, a) = a (a ∈ A), u(t) ∈ Ω, 0 ≤ t ≤ T,

J1 ≤ 0, . . . , Js ≤ 0, Js+1 = . . . = Js+k = 0, J0 → min,

Ji := Pi

(∫
A

γi[a, x(T, a)]da,

∫ T

0

∫
A

ϕi[t, a, x(t, a), u(t)] dt da

)
, T = �x.
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u(t) ∈ Ω ⊂ Rm (0 ≤ t ≤ T ), T = �x,

J1 ≤ 0, . . . , Js ≤ 0, Js+1 = . . . = Js+k = 0, J0 → min

Ji := γi

[∫ T

0

ϕi[t, x(t), u(t)] dt, x(0), x(T )

]
.

x(t) = g

(
t,

∫ T

0

f [t, θ, x[η(t, θ)], u(θ)] dθ

)
, 0 ≤ t ≤ T,

ãäå ôóíêöèÿ η(t, θ) ∈ [0, T ] ïåðåìåííûõ 0 ≤ t, θ ≤ T çàäàíà è ∂η/∂θ(t, θ) 6= 0.
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u(t) ∈ Ω ⊂ Rm (0 ≤ t ≤ T ), T = �x,

Jq+1 ≤ 0, . . . , Jq+s ≤ 0, Jq+s+1 = . . . = Jq+s+k = 0, max
1≤i≤q

Ji → min

Ji :=

∫ T

0

ϕi[t, x(t), u(t)] dt + γi[x(0), x(T )].

x(t) =

∫ T

0

f [t, θ, x(θ), x[η(t, θ)], u(θ)] dθ, 0 ≤ t ≤ T,

ãäå ôóíêöèÿ η(t, θ) ∈ [0, T ] ïåðåìåííûõ 0 ≤ t, θ ≤ T çàäàíà.
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u(t) ∈ Ω ⊂ Rm (0 ≤ t ≤ T ), T 6= �x,

J1 ≤ 0, . . . , Js ≤ 0, Js+1 = . . . = Js+k = 0, J0 → min

Ji := γi

[∫ T

0

ϕi[t, x(t), u(t)] dt, x(0), x(T )

]
.

x(t) = F1

(
t,

∫ t

0

f1[t, θ, x(θ), u(θ)] dθ

)
+ F2

(
t,

∫ T

0

f2[t, θ, x(θ), u(θ)] dθ

)
, 0 ≤ t ≤ T
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u(t) ∈ Ω ⊂ Rm (0 ≤ t ≤ T ), T = �x,

Jq+1 ≤ 0, . . . , Jq+s ≤ 0, Jq+s+1 = . . . = Jq+s+k = 0, max
1≤i≤q

Ji → min

Ji :=

∫ T

0

ϕi[t, x(t), u(t)] dt + γi[x(0), x(T )].

x(t) =

∫ T

0

f [t, θ, x[η(θ, u(θ))], u(θ)] dθ, 0 ≤ t ≤ T,

ãäå çàäàííàÿ ôóíêöèÿ η(θ, u) ∈ [0, T ] ïåðåìåííûõ t, u íåïðåðûâíà.
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u(t) ∈ Ω ⊂ Rm (0 ≤ t ≤ T ), T 6= �x,

J1 ≤ 0, . . . , Js ≤ 0, Js+1 = . . . = Js+k = 0, J0 → min

Ji := γi

[∫ T

0

ϕi[t, x(t), u(t)] dt, T, x(0), x(T )

]
.

g

(
t, x(t),

∫ T

0

f [t, θ, x(θ), u(θ)] dθ

)
= 0Rl , 0 ≤ t ≤ T,

ðàçìåðíîñòè âåêòîðîâ x, g = g(t, x1, x2) è f = f(t, θ, x, u) ìîãóò áûòü ðàçëè÷íû è rank ∂g
∂x1

(t, x1, x2) = l.
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u(t) ∈ Ω ⊂ Rm (0 ≤ t ≤ T ), T = �x,

J1 ≤ 0, . . . , Js ≤ 0, Js+1 = . . . = Js+k = 0, J0 → min

Ji :=

∫ T

0

ϕi[t, x(t), u(t)] dt + γi [x(0), x(T )] .

g

(
t, x(t),

∫ T

0

f1[t, θ, x(θ), u(θ)] dθ

)
+

∫ t

0

f2[t, θ, x(θ), u(θ)] dθ = 0Rl , 0 ≤ t ≤ T,

ðàçìåðíîñòè âåêòîðîâ x, g = g(t, x1, x2) è f = f(t, θ, x, u) ìîãóò áûòü ðàçëè÷íû è rank ∂g
∂x1

(t, x1, x2) = l.
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u(t) ∈ Ω ⊂ Rm (0 ≤ t ≤ T ), T = �x,

J1 ≤ 0, . . . , Js ≤ 0, Js+1 = . . . = Js+k = 0, J0 → min

Ji := γi

[∫ T

0

ϕi[t, x(t), u(t)] dt, x(0), x(T ), x(ti)

]
.

x(t) =

∫ T

0

f [t, θ, x(θ), u(θ)] dθ + g(t, x(t1), x(t2), . . . , x(tN)), 0 ≤ t ≤ T,

ãäå 0 ≤ t1 ≤ . . . ≤ tN ≤ T , ti 6= �x, N = fix.
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x(t) =

∫ t1

0

f0[t, θ, x(θ), u(θ)]dθ +

∫ t2

t1

f1[t, θ, x(θ), u(θ)]dθ + . . . +

∫ T

tN

fN [t, θ, x(θ), u(θ)]dθ = 0,

g

[∫ t1

0

η0(t, x(t), u(t))dt,

∫ t2

t1

η1(t, x(t), u(t))dt, . . . ,

∫ T

tN

ηN(t, x(t), u(t))dt

]
= 0,

u(t) ∈ Ω ⊂ Rm; 0 ≤ t ≤ T, T = �x,

J1 ≤ 0, . . . , Js ≤ 0, Js+1 = . . . = Js+k = 0, J0 → min

Ji :=

∫ T

0

ϕi[t, x(t), u(t)] dt + γi[x(0), x(T )].

ãäå 0 < t1 < t2 < . . . < tN < T è ti 6= �x.
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u(t) ∈ Ω ⊂ Rm (0 ≤ t ≤ T ), T 6= �x,

J1 ≤ 0, . . . , Js ≤ 0, Js+1 = . . . = Js+k = 0, J0 → min

Ji := γi

[∫ T

0

ϕi[t, x(t), u(t)] dt, x(0), x(T )

]
.

x(t) =

∫ t

0

f1[t, θ, x(θ), y(θ), u(θ)]dθ,

y(t) =

∫ T

0

f2[t, θ, x(θ), y(θ), u(θ)] dθ, 0 ≤ t ≤ T.
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ẋ(t) = f [t, x(t), u(t)] ïðè 0 ≤ t ≤ T, t 6= t̄,

x(t̄ + 0) = g[x(t̄− 0), v],

u(t) ∈ Ω ⊂ Rm (0 ≤ t ≤ T ), T 6= �x,

Jq+1 ≤ 0, . . . , Jq+s ≤ 0, Jq+s+1 = . . . = Jq+s+k = 0, max
1≤i≤q

Ji → min

Ji :=

∫ T

0

ϕi[t, x(t), u(t)] dt + γi[x(0), x(T )].

ãäå 0 < t̄ < T , t̄ = �x è âûáîð ïîñòîÿííîãî óïðàâëåíèÿ v ∈ Rl îãðàíè÷åí ñîîòíîøåíèÿìè

d1(ν) ≤ 0, . . . , dσ(ν) ≤ 0, dσ+1(ν) = . . . = dσ+µ(ν) = 0.
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ẋ(t) = f [t, x(t), u(t)] ïðè 0 ≤ t ≤ T, t 6= t1, t2, . . . , tN ,

x(ti + 0) = gi[x(ti − 0), v],

u(t) ∈ Ω ⊂ Rm (0 ≤ t ≤ T ), T = �x,

J1 ≤ 0, . . . , Js ≤ 0, Js+1 = . . . = Js+k = 0, J0 → min

Ji := γi

[∫ T

0

ϕi[t, x(t), u(t)] dt, x(0), x(T )

]
.

ãäå 0 < t1 < . . . < tN < T , ti 6= �x è âûáîð ïîñòîÿííîãî óïðàâëåíèÿ v ∈ Rl îãðàíè÷åí ñîîòíîøåíèÿìè

d1(ν) ≤ 0, . . . , dσ(ν) ≤ 0, dσ+1(ν) = . . . = dσ+µ(ν) = 0.

45

(Ñèñòåìà ñ ðàñïðåäåëåííûì çàïàçäûâàíèåì íåéòðàëüíîãî òèïà.)

Ñ÷èòàåì, ÷òî ñîñòîÿíèå x(t) çàäàíî ïðè −h ≤ t ≤ T , à óïðàâëåíèå u(t) ïðè −h ≤ t ≤ T , ÷èñëî h > 0
çàäàíî.

ẋ(t) = f1(t, x(t), u(t)) +

∫ t

t−h

f [t, θ, ẋ(θ), x(θ), u(θ)] dθ, 0 ≤ t ≤ T,

u(t) ∈ Ω (−h ≤ t ≤ T ), x(t) = x0(t) (−h ≤ t ≤ 0),
Jq+1 ≤ 0, . . . , Jq+s ≤ 0, Jq+s+1 = . . . = Jq+s+k = 0, max

1≤i≤q
Ji → min,

Ji :=

∫ T

0

ϕi[t, x(t), x(t− h), ẋ(t), u(t)] dt,

T = �x.
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Ñ÷èòàåì, ÷òî ñîñòîÿíèå x(t) çàäàíî ïðè −h ≤ t ≤ T , à óïðàâëåíèå u(t) ïðè 0 ≤ t ≤ T , ÷èñëî h > 0
çàäàíî.

ẋ(t) = f [t, x(t), x(t− h), u(t)], 0 ≤ t ≤ T,

u(t) ∈ Ω, (0 ≤ t ≤ T ), x(t) = x0(t) ∈ X ⊂ Rn (−h ≤ t ≤ 0),
J1 ≤ 0, . . . , Js ≤ 0, Js+1 = . . . = Js+k = 0, J0 → min,

Ji := γi

[∫ T

0

ϕi[t, x(t), x(t− h), u(t)] dt, x(0 + 0), x(T ), T

]
,

T 6= �x, ðàññìàòðèâàåì ðàçðûâíûå â òî÷êå t = 0 ðåøåíèÿ x(·). Ôóíêöèÿ x0(t) ïåðåìåííîé t ∈ [−h, 0]
íå çàäàíà, à ÿâëÿåòñÿ óïðàâëåíèåì, âûáèðàåìûì ïðîèçâîëüíî â ïðåäåëàõ çàäàííîãî ìíîæåñòâà X.
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Ñ÷èòàåì, ÷òî ñîñòîÿíèå x(t) çàäàíî ïðè −h ≤ t ≤ T , à óïðàâëåíèå u(t) ïðè 0 ≤ t ≤ T , ÷èñëî h > 0
çàäàíî.

ẋ(t) =

∫ t

0

f [t, θ, x(θ), x(θ − h), u(θ)]dθ, 0 ≤ t ≤ T,

u(t) ∈ Ω, (0 ≤ t ≤ T ), x(t) = x0(t) (−h ≤ t ≤ 0),
Jq+1 ≤ 0, . . . , Jq+s ≤ 0, Jq+s+1 = . . . = Jq+s+k = 0, max

1≤i≤q
Ji → min,

Ji :=

∫ T

0

ϕi[t, x(t), x(t− h), u(t)] dt + γi[x(0 + 0), x(T ), T ],

T 6= �x, ôóíêöèÿ x0(t) çàäàíà, ðàññìàòðèâàåì ðàçðûâíûå â òî÷êå t = 0 ðåøåíèÿ x(·).
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Ñ÷èòàåì, ÷òî ñîñòîÿíèå x(t) çàäàíî ïðè −h ≤ t ≤ T , à óïðàâëåíèå u(t) ïðè 0 ≤ t ≤ T , ÷èñëî h > 0
çàäàíî.

ẋ(t) = f [t, x(t), x(t− h), u(t)] +

∫ t

0

f1(t, θ, x(θ), x(θ − h), u(θ))dθ, 0 ≤ t ≤ T,

u(t) ∈ Ω, (0 ≤ t ≤ T ), x(t) = x0(t) (−h ≤ t ≤ 0),
J1 ≤ 0, . . . , Js ≤ 0, Js+1 = . . . = Js+k = 0, J0 → min,

Ji := γi

[∫ T

0

ϕi[t, x(t), x(t− h), u(t)] dt, T, x(T )

]
,

T 6= �x, ôóíêöèÿ x0(t) çàäàíà, ðàññìàòðèâàåì íåïðåðûâíûå ðåøåíèÿ x(·).


